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How do we do 
steps forward?
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Γ(1− α)
dα

dxα
s(x) = ψ(x)

Simply a Caputo derivative



A direct approach 
to numerical fractional 

differentiation

Some notation
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Notice:  backwards numbering is convenient.
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The G1 algorithm
Recall the Grunwald-Letnikov definition:

Omitting the limit gives the simplest approximation:

The G1 algorithm
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Omitting the limit in the Grunwald-Letnikov definition 
gives the simplest formula for approximate calculations:

For a = 0 we have: 

aDα
t f(x)

0D
α
t f(x) ≈



Computation of binomial coefficients

19

For the implementation we need to compute

The recurrence relationships can be used:

Using recurrence relationships
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Computation of binomial coefficients
Using FFT (fast Fourier transform)

The binomial coefficients can be considered as the 
coefficients of the power series expansion

Taking               we obtain

21

Computation of binomial coefficients
Using FFT (fast Fourier transform)

We have (from the previous slide):

Therefore, the coefficients         can be considered 
as Fourier transforms: 

The fast Fourier transform (FFT) can be used here!

Using G1 for computations

22
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Using G1 for computations
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Using G1 for computations
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Using G1 for computations
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Notice: infinities at t=0 are removed to make the rest of the picture visible.

Higher-order approximations

26

We have seen the first-order approximation:

The weights             
assigned to the values  f(t-jh) are the first n+1
coefficients of the Taylor series expansion of 
the function

0D
α
t f(x) ≈
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Higher-order approximations
Christian Lubich’s formulas:

Expand these functions in Taylor series and use the 
coefficients as weights in the formula

0D
α
t f(t) ≈

28

The G2 algorithm

Oldham and Spanier (1974) observed that the approximations

give faster convergence, and suggested “fractional central differences”

aD−1
t f(x) =

aD1
t f(x) =

aDq
t f(x) =

29

The G2 algorithm
Taking lower terminal a = 0 we have

This formula uses the function values other than at nodes, 
so we have to interpolate (Langrange three point interpolation):

This gives the G2 algorithm:

0D
q
t f(x)

0D
q
t f(x)

30

The R1 algorithm
G1 and G2 are based on fractional differences. 
R1 and R2 are based on approximation of integration.

Take q < 0 (fractional integration):
useful
form0D

q
t f(x)
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The R1 algorithm
Using the approximation

we obtain the R1 algorithm:

( for q < 0 )0D
q
t f(x)
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The R1 algorithm
In the previous slide we have used the piecewise constant approximation 
of the function using the function values in the middle of the subintervals:
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The R2 algorithm
A better function approximation can be achieved using piecewise linear 
continuos function:

The R2 algorithm
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Considering the piecewise linear approximation we have:

and this gives the R2 algorithm:

( for q < 0 )

Notice: both R1 and R2 algorithms allow consideration of 
non-equidistant discretization nodes.

0D
q
t f(x)
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The L1 algorithm
Both R1 and R2 are restricted to negatives orders 
(integration only). How to extend beyond this “wall”?

Let us take              . .  Then 
Caputo

0D
q
t f(x)
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The L1 algorithm
Now let us approximate each term using

This leads to the LI algorithm:

0D
q
t f(x)
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The L2 algorithm
Similarly, taking                we can write

We need some approximations for the first and 
second order derivatives here.

0D
q
t f(x)
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The L2 algorithm
Using the approximations

we obtain the L2 algorithm

0D
q
t f(x)
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The D algorithm
Kai Diethelm suggested (1997) numerical evaluation of fractional 
derivatives using quadrature formulas for finite-part integrals.
First, use change of variables to transform the interval [0, T] to [0,1]
and introduce an equidistant grid with nodes               . Then

this singularity 
requires the use of 
finite part integralsand the D algorithm is:

A general framework

40

All considered algorithms (G1, G2, R1, R2,  L1, L2, D)
can be written in the same form as

0D
q
t f(x) =

Nq

xq

N�

j=−1

wj(q)fj

G1 in brief:
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G2 in brief:
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R1 in brief:

44

R2 in brief:

45

L1 in brief:

46

L2 in brief:

The “short memory” principle

Start

�� ��
� �
29 / 90

Back

Full screen

Close

End

“Short memory” principle
Coefficients in the Grünwald-Letnikov formula:
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alpha =1.5;    30  binomial coefficients

aD
α
t f (t) ≈ t−LD

α
t f (t), (t > a + L)

Length of “memory”, L, depends on the required precision
of computations.

Behavior of 
coefficients 
in GI

“Memory length” 
depends on 
required accuracy

The “short memory” principle

If                 for               ,  then it can be shown that

Therefore, 



Sample applications
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Fractional derivatives of order 1/2
can appear even within the context

of the integer-order models!

Heat flux in a blast furnace wall

50
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Heat flux in a blast furnace wall

Introduce an auxiliary function 

which must be a solution of the following problem:
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Heat flux in a blast furnace wall

The Laplace transform gives:

The solution bounded at                 is:x→ −∞

Then we have
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Heat flux in a blast furnace wall

The inverse Laplace transform gives:

After fractional integration of both sides:
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Heat flux in a blast furnace wall

the heat flux
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Heat flux in a blast furnace wall
Numerical solution: short memory principle

Normalized error:

Condition on the memory length:

Calculate using:
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Bagley-Torvik equation
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Applying the Laplace transform gives:

The solution of this problem is:

Bagley-Torvik equation

58

By differentiation we obtain:

Knowing the velocity, we can obtain the shear stress:

which in terms of the Laplace transforms reads:

and therefore, in time domain we have:

Bagley-Torvik equation

t

59

Considering the forces we have:

Using the relationships

we arrive at the following equation:

add initial conditions! 

Bagley-Torvik equation

60

Short memory principle for FDEs

Consider the problem:

for the following RHS:
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Short memory principle for FDEs
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Short memory principle for FDEs
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Short memory principle for FDEs
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Short memory principle for FDEs

! " #! #" $! $" %! %" &! &" "!
'!(!$

!

!(!$

!(!&

!(!)

!(!*

+,-+./0

1
2+
3

/0/451-6078+9-:;"--

/0/451-6078+9-:;#!-

<=>46?+0-/0/451----

$! $" %! %" &! &" "!
'@

')

'"

'&

'%

'$

'#

!

#
A-#!

'"

+,-+./0

1
2+
3

/0/451-6078+9-:;"--

/0/451-6078+9-:;#!-

<=>46?+0-/0/451----

! " #! #" $! $" %! %" &! &" "!
'!(!$

!

!(!$

!(!&

!(!)

!(!*

+,-+./0

1
2+
3

/0/451-6078+9-:;"--

/0/451-6078+9-:;#!-

<=>46?+0-/0/451----

$! $" %! %" &! &" "!
'@

')

'"

'&

'%

'$

'#

!

#
A-#!

'"

+,-+./0

1
2+
3

/0/451-6078+9-:;"--

/0/451-6078+9-:;#!-

<=>46?+0-/0/451----


